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It is well known that if X is one of an arc, a circle or a disk, X does not admit an expansive 
homeomorphism. in this paper, we prove that there is no expansive homeomorphism on any 
(nondegenerate) Peano continuum in the plane. 
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1. Introduction 
If X is a metric space with metric d and f: X --, X is a homeomorphism of X, 
then f is said to be expansive provided that there is c > 0 such that if x, _v E X and 
xfy, then there is an integer n(x, ~)EZ for which d(f”(x),f”(y))> c. All spaces 
under consideration are assumed to be metric. A continuum is a compact connected 
nondegenerate space. It is well known that the Cantor set, the 2-adic solenoid and 
the 2-torus etc., admit expansive homeomorphisms (see [9, lo]). Bryant, Jakobsen 
and Utz showed that there are no expansive homeomorphisms on an arc, a circle 
or a disk (see [2,3]). By using those results, Kawamura showed that if X is a Peano 
continuum which contains a free arc, then X does not admit an expansive homeo- 
morphism (see [6]). Also, we showed that if X is a Peano continuum which contains 
a l-dimensional ANR neighborhood, then X does not admit an expansive homeo- 
morphism, and if X is a dendroid (pathwise connected tree-like continuum), then 
X does not admit an expansive homeomorphism (see [4,5]). The following problem 
is interesting: Is it true that if X is a continuum in the plane, then X does not admit 
an expansive homeomorphism? 
In this paper, we give a partial answer to this problem. More precisely, we prove 
that if X is a Peano continuum in the plane, then X does not admit an expansive 
homeomorphism. 
0166-8641/9O/S3.50 @ 1990, Elsevier Science Publishers B.V. (North-Holland) 
162 H. Karo / The nonexistence of’ expansive homeomorphisms 
We refer readers to [7] for the plane topology. 
2. Preliminaries 
In this section, we give some definitions and facts which we need. Let S > 0 be 
any positive number and let n be any natural number. Let A be an arc from p to 
q in a metric space Y with metric d. Then the arc A is said to be (n, 8)-folding 
provided that there are points pi a, < b, <. * . < a, < b,, s q in A such that 
d(a,, bi)> 6 for each i = 1,. . . , n. A continuum X is called a Peano continuum if 
X is locally connected. 
Lemma 2.1 [5, 2.21. Let f: X--f X be an expansive homeomorphism of a compactum 
X. Then there exists S > 0 such that if A is a nondegenerate subcontinuum of X, there 
exists a natural number n,, such that one of the following conditions holds: 
(a) diamf”(A) 3 6 for n 2 n,; 
(b) diam f -“(A) 3 6 for -n s -n,. 
By using Lemma 2.1, we can easily see the following (cf. the proof of [j, 2.31): 
Lemma 2.2. Let f: X += X be an expansive homeomorphism of a compactum X. Let A 
be an arc from p to q in X. Then there is 6 > 0 such that for any natural number n, 
there is a natural number i(n) satisfying one of the following two conditions: 
(a) f’“(A) is (n, G)lfolding for m 2 i(n); 
(b) f-“(A) is (n, 6)-folding for -m c -i(n). 
We need the &curve theorem as follows. 
The O-curve theorem 2.3 [7, Theorem 2, p. 5111. If C is a &curve in the plane E 
consisting of three arcs Lo, L, , L2 having, pairwise, only their end-points in common, 
then 
E-C=D,,vD,vD2, Fr( Dj) = Lj u Lj+r(mod 3), 
where D,, D,, D2 are the components of E - C. 
A locally connected continuum which contains no simple closed curve is called 
a dendrite. A continuum X is said to be regular [7] if for any point p of X and any 
E > 0, there is an open set G such that p E G, diam( G) < E and Fr( G) is a finite set. 
Clearly, if X is a regular, then dim X s 1. 
By [7, Theorem 1, p. 2831, we have: 
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Lemma 2.4. If a continuum X is a regular, then X is locally connected. 
By [7, Fundamental Theorem 6, p. 5311, we have: 
Lemma 2.5. If X and X* are two Janiszewski spaces which contain no separating 
points and which do not consist of single points, then X is homeomorphic to X*. In 
particular, X is homeomorphic to the 2-sphere S’. 
Also, by [7, Theorem 4, p. 5121 we have: 
Lemma 2.6. Let X be a Janiszewski space containing no separating points. If C is a 
locally connected continuum in X, for any component R of X - C, Fr( R) is a regular 
continuum containing no e-curve. 
Consequently, we can conclude that if X is a localy connected continuum in the 
plane E, then for any component U of E - X, Fr( U) is a locally connected continuum 
and dim Fr( U) G 1. Note that in the Euclidean 3-dimensional space E’, one can 
easily construct a Peano continuum such that the boundary of a complementary 
domain is not locally connected. 
3. Self-homeomorphisms of Peano continua in the plane 
In this section we prove the following main result in this paper: 
Theorem 3.1. If X is a nondegenerate Peano continuum in the plane E, X does not 
admit an expansive homeomorphism. 
The following is easily proved by induction on k. We omit the proof. 
Lemma 3.2. Let X be a set and let X,, X,, . . . , X, be subsets of X such that X = IJ Xi. 
Then there is a sufficiently large natural number n(k) (>2k*) such thatfor any sequence 
aI, h, a2, b, . . . , ancklr h, of points of X, there are i, , i, and i, such that i, < i? < i3, 
a,, and a,, are contained in some X, and b, is contained in some X, which contains bi,. 
Proof of Theorem 3.1. Suppose, on the contrary, that there exists an expansive 
homeomorphism f on the Peano continuum X in the plane E. Let U be the 
component of E -X such that U is unbounded. By Lemmas 2.4-2.6, Fr( U) is a 
locally connected continuum with dim Fr( U) = 1. First, suppose that Fr( CJ) does 
not contain a simple closed curve. Then Fr( U) is a dendrite. By [l, Corollary 13.5, 
p. 1381, Fr( U) is an AR. By [l, Theorem 13.1, p. 1321, E - Fr( U) is connected. We 
shall show that X is a dendrite. Suppose, on the contrary, that X has a simple 
closed curve S. Let W be the bounded component of E - .S. Then (E - Fr( U)) n W # 
Q because dim Fr( U) = 1. Since E - Fr( U) is pathwise connected, there is an arc 
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A( = [P, q]) from a point p of U to a point q of W in E - Fr( U> such that pi W. 
By the Jordan separation theorem, we can choose the point r of A such that TE X 
and [p, r] - {r) is contained in E - X. Clearly, [p, r] - {r) is contained in U. Hence 
r~ Fr( U). This is a contradiction. Thus X is a dendrite. By [4], there is no expansive 
homeomorphism on X. Hence we may assume that Fr( U) contains a simple closed 
curve S. Next, suppose that Fr( U) contains a simple closed curve S. 
Let S > 0 be as in Lemma 2.2. Since X is a Peano continuum, there are subsets 
XI, X2,..., X, of X such that each Xi is a Peano continuum, diam X, ~46 and 
X = IJ Xi. Choose a natural number n(k) as in Lemma 3.2. Let A be an arc from 
p to q in S. By Lemma 2.2, for some integer m E if, f”(A) is (n(k), b)-folding. By 
Lemma 3.2, we can conclude that there are points f”(p) G Q < b < c < d sf”(q) in 
f”(A) such that d(a, b) a 6, a and c are contained in some X, and b and d are 
contained in some X,. Since diam X, <fs, we see that X, A X, = 0. Since Xi is 
pathwise connected, there are an arc (which is homeomorphic to the unit interval) 
A, from a to c in X, and an arc Al from b to d in X, (Fig. I). Note that A, n A2 = 0. 
Consider the sets S, A,f-“(A,) andf-“(A,). Sincef-“(A,) andI-” are arcs, 
by the choice of the component U of E -X, we can see thatf-“(A,) andf-“(AZ) 
are contained in CI 0, where D is the bounded component of E -S (see Theorem 
2.3). Also, by Theorem 2.3, we see that f-“‘(A,) nf-“(AJ # 0 (Fig. 2). This is a 
contradiction. This completes the proof. 0 
Fig. 1 
fYA2l 
Fig. 2. 
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The following problems remain open. 
Problem 1. Is it true that if X is a nondegenerate plane continuum, then X does 
not admit an expansive homeomorphism? 
Problem 2. Is it true that if X is a nondegenerate l-dimensional Peano continuum, 
then X does not admit an expansive homeomorphism? 
Problem 3. Is it true that if X is a nondegenerate tree-like continuum, then X does 
not admit an expansive homeomorphism? 
Note added in proof 
Problem 1 has a negative answer. Barge informed the author that there exists an 
indecomposable plane continuum which admits an expansive homeomorphism [ 111. 
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